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Table 3-1: Summary of vector relations.
Cartesian Cylindrical Spherical
Coordinates Coordinates Coordinates
Coordinate variables X, V. Z r.g.z R.O,¢

Vector representation A =

XAy + 5"14}-' +ZA;

RAp —|—6A9 +$A¢

Magnitude of A |A| = A2+ A3+ A2 #AE+A%+A% \XAE + A2+ A2
Position vector O}_’] = Xx| + Vv + 227, Iry + 2z, RR;,
for P = (x1,y1, 21) for P = (r1,¢1, 21) for P = (R1,61,¢1)
Base vectors properties X'X=V:¥y=2-2=1 f-f:$-$:i-i:1 ﬁ-ﬁ:ﬁ-ﬁ:n{)-n{::l
R y=9:4=2%=0 | i-db=¢-2=2-Ff=0 R-6=06-¢=0-R=0
Ixy=1 Pxd=1z Rx0=¢
VyXi=X dxz=1 Oxd=R
IxX=1 ixit=0 dbxR=9
X ¥V 1z Pood 7 R 6 ¢
Cross product A X B = Ax Ay Ag Ar Ap Az AR Ap Ay
Bx By B; B, By Bz Br By By

Differential length dl =

Xdx+Vdy+idz

P dr+&rdp+1idz

RdR +OR dO +dRsind do

Differential surface areas dsy =Xdydz dsy =trdo dz dsp = RR2sind do do
dsy =y dx dz dsy =9 drdz dsg =ORsinf dR d¢
ds; =Zdx dy ds, = 1r dr d¢ dsy =R dR do

Differential volume dV = dx dy dz rdrde dz R%sin0 dR do do




Cartesian Coordinates

Differential length vector: dl = xdl, +ydl, + 2dl, = xdx + ydy + Z2dz

Differential area vector: ~ dSy = xdlydl, = xdydz (y-z plane)
dS, = ydxdz

ds, = zdxdy

=z ds, = Z dx dy

d
dx

> ds, = ¥ dx dz

/ZI dz
E, dv = dx dy dz

al

’ .
/ dsy =X dy dz

:cb; > )
=

X

Differential volume: dV = dxdydz




Cylindrical Coordinates

r=r) cylinder

z
z =z plane _ -
\\ -"’
;iu_—' . /P:(F1,¢1=Z1)
R, :
—— e — = —| A\
1 \I
0 : Ly
Flols
1 N :
L_____q5=q51plane
I
I
\\I
N
0<¢p<2rm —o<z< ™
GX2=F 2XF=@



Cylindrical Coordinates

. ds, =Zrdrdp

~.dr

rdg dss, = ¢ dr dz

T dV = rdr do dz

ds, =trdo dz

Differential Length:

dl, =dr,dl, =rde,dl, = dz
dl
dl = fdr + ¢rdo + 2dz

Pdl, + @dl, + 2dl,

(s
+  cylindrical
ds, = tdlydl, = frdedz surface)

Differential surface area:

dS, = ¢dl,dl, = ¢drdz (r — z plane)

dS, = 2dl,dl, = 2rdrdp (r — ¢ plane)

Differential volume:  dV = dl.dl,dl, = r drdedz



Spherical Coordinates

Rx0=¢ 6
A =a|A| = RAg + 04g + @A S/
<

O0<R<om 0

Differential Length:

dly = dR, dlg = Rd6,dl, = Rsinfdg
dl = Rdlg + Gdly + dl,,

dl = RdR + ORdO + @Rsinfde

X

Differential surface area: o
(60 — @ spherical surface)

N A A . /
dSg = Rdlgdl, = RR*sinfdfdgp
dSp = Odlrdl, = ORsinddRdp (R — ¢ plane)
dS, = pdlpdly = pRARAE (R — 6 plane)

Differential volume:  dV = dlgdlgdl, = R%sin6dRdOd ¢

R sin 0 do




Transformations

Cartesian to cylindrical:

S

_1 (Y
r=/x2+y? <p=tan1(;) 0 |
X, Y, z

X =1cosQ Yy =rsing

> )

\//—:(,0%(’)

y=r - $in o

r-X=cosp #.9=sing

0]
|

L

A\

s

= —sing @y = cose

xXcosp + ysing

> )

—Xsing + ycose

RO
|

rcosQ — @sing

&
Il

A\

= 7sing + @cose




Transformations

Cartesian to spherical:

R="/x2+y2+ 22 9=tan‘1< -~

X = RsinfBcosq y = Rsinfsing Z = Rcos0
" R =ZXsinfcosg + Psinbsing + Zcos6
1 0 =ZxcosOcosp + ycosBsing — Zsinb
P = —Xsing + ycose

] RsinBcos@ + OcosOcosp — Psing

§ 37 = RsinBsing + cosOsing + Pcose
RcosO — Osind

=
x? T y2> Q= tan_l (y

X

)
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Gradient of Scalar Field

We will introduce: Gradient = for scalar fields Divergence, curl = for vector fields
Example of gradient = scalar field = temperature Vector Analysis

E and H are vector fields
Scalar Field - temperature T(x,Y, z)

dl = 2dx + ydy + 2dz
dT along differential direction dl
ar = 224 5L 4 2
“Fax Y9y T %0z
)

v
Vector = temperature change in direction

\

Gradient of T'(grad T)

~ _or _oT  oT
VI =gradT =X—+yV—+ 72—

dx dy 0z

: - d 0 9]
Define gradient operator: V= — 4+ 99—+ 5 —
*ox Ve T4z
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Gradient of Scalar Field

Gradient operator on scalar function = results in vector with:

mag = max rate of change of physical scalar per unit distance

Direction = direction of max increase

5_g0 o0 39
~Yox Yoy T %0z

. 9 14 _d
chl—T'g-FQO—a—ﬁ-ZE

A S L S S
sph = B GR T “Ra0 " P Rsind 09



Divergence of Vector Field

¢ Flux lines of E due
to p/ositive charge

4 //G/,f]
N L

- - -—— a— T ——e - >

_r

—

el b T Imaginary
r'd ‘ Ny spherical
¥ o, surface
¥ | T
‘ .
\
_ ~ E.dSs E-Aids
Flux density of E = —

|dS|  ds

Total flux = ¢, E-ds

\

Recall Coulomb’s Law = positive
point charge ¢

E field will point outward, proportional
1

to g and decreases as —
R

E=R—

4TT€GR? (V/m)
At surface boundary - define
flux density: amount of outward
flux crossing unit surface

=FE N, fi =normaltods

Enclosed imaginary surface 12



Divergence of Vector Field

, E Differential rectangular volume for
P E divergence of E
(x, y + Ay, 2) Ax — . ~ n
. aco 4 E = XE, + JE, + ZE,
I E
: Face 2 / We sum up the flux through the 6 faces:
R : = Face 1
Ay }(x el el (x+Ax, y, 2) N
/ ,/, W Fl - j E y ﬁldS
P ' / y facel
iz e / / = [(REy + PE, + 2E,) - (—R)dydz
s X
z F, = —E,(1)AyAz

M Value at center

(small surface)
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Divergence of Vector Field

E

i Differential rectangular volume for
oty T Zx /' . divergence of E
Az 7 6 E = RE, + JE, + 3E,
: Face 2 /
— 1)
L /2 - A (x+Ax, y, 2) Face 2

y| F, = E,.(2)AyAz

We shrink volume to Ax and have:

E.(2)=E, (1) + 9Fx pAx (Taylor series 1%t order)

0x

0E,
— _x Do same F, F,, F=, F,
F, = [E,(1) + Tx Ax]AyAz 3,14, I's, I'g

JE, OE,
dy 0z

Fi+ Fy = 2% AxAyAz



Divergence of Vector Field

. . |0E, O0E, OE,
fE -ds = + + AxAyAz
S 0z

dx dy
f E-ds= (div E YAV Differential volume
S
- B L ;
Shrink AV> 0 div E : divergence of E 2 divE = 6aEx 4 %5y | 0F,
X oy 0z

Shrink AV-> 0 = divergence of E defined at a point as (div E ): net outward
flux per unit volume over closed surface:

.= . $ E-ds
divE = lim =2—
AV— 0 AV

S 1s surface encloses elemental volume vV

We use ¥ - E to indicate div E V.-E=divE =2 + Oy + OF,

0x ady 0z

v - E- | positive if net flux lines out so enclosed volume contains source

=1 negative if net flux lines in so enclosed volume contains sink

Zero: net flux =0 = divergence-less



Divergence of Vector Field

Divergence theorem f V-EdV = f E-ds
v

( J \ J

Divergence of field  Sum of flux through surface
from volume enclosing the volume



Curl of Vector Field

Curl of vector, B - rotation or circulation

circulation = jLE . dz
C

Consider uniform B field: B = XB, magnetic flux density

U
al _1d
1 +Contour C
AxY A x
b | [
' Y 4 A |
B

- -

(a) Uniform field
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Curl of Vector Field

Curl of vector, B - rotation or circulation: circulation = é B-dl
C

Uniform B field: B = XB, magnetic flux density

=0sincex -y =0
-V )
[ |
Cr - j L] L] b A\ A\ C A\ N
| _}-Contour C circulation = XB, - Xdx + | XB,-ydy
Axy Ax a b
d a
¢ 4 ;
¥
| A J y A | . A A
B =0smncex -y =0
L |
X
(a) Uniform field circulation = B,Ax—B,Ax =0

Ax=b-a=c-d

Circulation of uniform field =0



Curl of Vector Field

Consider magnetic flux density, B of infinite wire with dc-current = 1

Z

For circular contour, C, at radius » in
x-y plane: dl = prdo

circulation of B = jﬁ .dl

c

2T ,\:u'OI

circulation = f P—- prde = ugl

0 2nr

/Currcnt I

Contour C

4

(b) Azimuthal field
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Curl of Vector Field

magnetic flux density, B of infinite wire with dc-current = /

= Hol
B=¢——
¢ 27T
/Currcntf

—_ =N

circulation of B = jB - dl

c
Contour C

>V

Take contour in x-z or y-z planes

circulation = 0 because there i1s no @ component

4

(b) Azimuthal field

—> Circulation depends on contour and direction

VxB =1 1m—[ fB dl]
As—0 AS
max
20



Curl of Vector Field

V x B = curl of B = circulation of B per unit area, with area AS of contour C
selected such that circulation i1s maximum

ds = fi ds B = %B, + 9B, + 2B,
. 0B, 0B, 9B, 0B,
PxB =2 _ 5 _
X x(@y az>+y<az ox
) <aBy ) an>
Al ox dy
contour C
X vy z
N R A
*B=ox ay oz
B, B, B,



Useful Vector Identities

N

Vx(A+B)=VxA+VxB
V-(VxA)=0

Vx(VV)=0

(\S)
(\S)



Stoke’s Theorem

Surface integral of curl of vector over open surface S
—> equivalent to line integral of vector along contour, C, bounding surface, S
j(ﬁxﬁ).ds*:jéﬁ.dz
S C

\ Contour line integral of

Surface integral field enclosing surface
of field curl

dl

contour C



Laplacian Operator

Divergence of the gradient of a scalar: . (\7[/)

sy OV OV oV
~ax T YVay %%
() = 0% 0% 9%V
- 0x2  0y?  0z2

Z

N

. -~ o a2V 0%V 9%V
Laplacian of scalar: vy =r- (VV) =

022 T oyz T oz

Laplacian of vector: F —

Ey + JE, + 2E,

Laplacian of vector component

V2ZE=V(V-E)—Vx(VXE)



Maxwell’s Equations

‘7'D_PV
Fxpo 0B
XE=——
ot
7-B=0
=742l
XH=]+—
J ot

- Hold in any material including vacuum

- 1873 James Clark Maxwell obtained from experiments

by: Coulomb, Gauss, Ampere, Faraday

Unified theory of electricity and magnetism



Maxwell’s Equations

‘7‘5:,01/

. . 0B
VXE——E
V-B=0
~ —~ . 0D
VXH_]+E

E = electric field intensity

_ . _ D=€eE €= electrical permittivity
D = electric field flux density |

—_

H = magnetic field intensity | _
= uH U1 = magnetic permeability

¥
ool

B= magnetic flux density

py = electric charge density per unit volume

=N

J = current density per unit area



Maxwell’s Equations

] ) -
Static 2> Pl 0, py and J are constant

Electrostatics: Magneto statics:
Z ' DA= Pv Static = decoupled v-B=0
VXE=0 Vx H = f

Electrostatics:
many applications — sensors, displays

Define sources — charge densities, current distributions



Maxwell’s Equations

4

Charge density py = volume charge density C/m?= v

Q=jvpvdV C]

ps = surface charge density [C/m?] F

Ps = % [C/mz] ...I 11 '?

p; = line charge density = % [C/m]

Current density J=pyu [Am?]

Charge velocity

T Togs Total current flowing
[ = . d A
fsj s Al through surface, S



Maxwell’s Equations

Coulomb’s Law

1) Isolated charge ¢ = induces E field: E = R—Z (V/m) at point P

4TTEGR?

2) In presence of E field, force on test charge, g’: F = q’E

(N) ©) (N/C=V/m)
D = € E in material with electric permittivity, e
1
€= &€ €p = 8.85x 10712~ —x 1077

361

€ = é relative permittivity (dielectric constant)

e: independent of magnitude of E > linear

independent of E direction> 1sotropic

Note: permittivity can be nonlinear, non-isotropic



Multiple Charges

> )

E =
Ame Lu |R — R;|3
=1
- . (q
E=R
[47TER2\
(R-R,) 1

30



Charge distributions

Consider differential = dg = py, dV

Differential E due to differential charge dg

t)

— 1 ~, pV dV
Volume distribution: = J dE =—— | R
'VI

4te )iy R'2

1 . psds’

Surface distribution:  E
47-[6 S ! R ! 2

Line distribution: F= L A,Pldl’

4me J R'?

31



Gauss’s Law

Differential form of Gauss’s Law

From Coulomb’s Law = obtained expression for E

—_—

V-D = Py The divergence of the electric flux density = charge density

Can convert to integral form: J V- DdV = j pydV = Q
% 4

Total enclosed charge in volume, V

Divergence theorem: j
v

<
1)
Q
<

|

o

T3}
Q
%]

[ J | J

Integral of field divergence = Net flux of field through closed
from volume, V surface that bounds volume, V

Forﬁ:

Gauss’s Law Integral j V. DAV = %5 -ds = Q
% s



Gauss’s Law — obtain E field from point charge

Consider point charge, g, enclosed by spherical surface of arbitrary radius, R
D = RDy,
R T 2T
ds = Rds f f R?sinfdOd¢
o Jo

R
-~ 2 2T

y lkis Apply Gauss’s Law:
D

fﬁ-d§=3€ﬁpR-ﬁds
S S

= fDRds = Dp4nR? = ¢q
S

q

(Gaussian surface

q
D,4TR? = D, =
Rn q R 47TR2

—_

D=cE E = a (V/m) same as from Coulomb’s Law

41ER?

=R

m | O]

Gauss’s Law easier to apply for charge distribution:

integrate D over chosen Gaussian surface

Choose Gaussian surface such that D is constant in magnitude and
either normal or parallel (tangential) to surface




E field of infinite line charge

z From symmetry, D in radial direction, 7. Cannot
/Uﬁiform — depend on ¢ or z.
__ - _ _chargep, .
f~-_:f5% D =D,
1 1
1 1
1 1 . . .
£ '\n\_dSD Choose cylinder Gaussian surface of radius, » and
I 1 . .
| ! height, 4 — around line charge
|- =" =~ ~ ' Gaussian surface
AN )
T Total charge within cylinder > Q = p; h

Since D is along 7, top and bottom of cylinder do not contribute (no field lines emerging)

Only curved cylindrical surface: =~
j j #D, -Frdpdz = p, b
z=0Y¢=0

ff D-d5=Q
S

2rthD,r = p; h
Infinite line charge: E = D _ f& — p Pl

€0 €0 2TTEYT »
J
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